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(poly g Ssa D)) plasl dsslms 22 55950

¥ y

V=" A(x)dx v =["4(y)dy

In the case that we get a solid disk the area is,
A=nx (mdius]z

where the radius will depend upon the function and the axis of rotation.

In the case that we get a ring the area is,

outer \* (inner Y
A=x|| -
{(mdms) [mdlus] J
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Example  Determine the volume of the solid obtained by rotating the region bounded by
y=x-4x+5, x=1, x=4, and the x-axis about the x-axis.

Y

D

%1

']'.

& |
j.¥ I

4 —_—
3 1 4

2.

1.

D

-}

b

y=x—4x+5

g -
=

O - woWwoe v 9 @ oo

I
v

A(x)=n(x -f4.vu'-+-5)2 =7 (x* —8x" +26x° —40x +25)

V = I:A[I)dx

=3 ': X —8x° +26x% —40x+ 25 dx

¢ 4
=7 l:q:*'j =2%* +Ex3 -20x* + 25.1*]

e 3 J
_ 18m

5




Example  Determine the volume of the solid obtained bwv rotating the portion of the region
bounded by v = Yx and ¥ =§-— that lies in the first quadrant about the v-axis.

= x=y

= y=4y

- -6 4 =2 0 2 4 6 B

=n| 16y —y*dy
fi6.5 1 ?)|’

=?I' —}? -——J_.l
'x3 T 1]

_ 512

oy
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Example  Determine the volume of the solid obtained by rotating the region bounded by
V= x* =2x and y=2x about the line y=4.

b 4 Y

== . [ ] Lad = L Oy, =l oD =]
1 I 'l i 'l i i i

L
i

inner radius =4 — x

outer radius =4 — (J::2 = 2x] =—x’+2x+4
A(x)= ::({—f +2x+4) —{4—,1:):] =7 (x' —4x" —5x + 24x)

V= J:A[x)dx

= EI: xt—4x® =5x* + 24xdx

3

= l:-."i -3 —Ef +12x°
5 3

_133m
5

i
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Example  Determine the volume of the solid obtained by rotating the region bounded by
y=Mfr=land v =x=1| about the line yr==1.

» x=-1 x=1y"+1
=B i

x=y+l
x

¥ ! L] 1 ¥ L] 1 r L] I ! ¥ I

¥ 1 1 L] r L L] 1 1 L r
-T-6-5-4-3-1-101 2 3 4 35 -1 6=-3-4-3-2-101 2 3 4 35

Ed

v
y=hix-l — .1:=='“I

y=xr=| = x=p+]

+1

outer radius = y+1+1=p+2

v y
inner radins =—<+1+l==—+2
4 4

A{}J}.—.n[[]'+1]?+[=']-§~+2):]=:r[4y~u‘:%]
i

Vo= A(y)dy

c

4 4 4
=7 4-}}_%@ =1 zyz_iyﬁ 96?1'
0

80




VOLUMES BY CYLINDRICAL SHELLS glalgnnd acwas g jl eolio! b pas il

V=WV, — V,=arih — orih = @w(rf — ri{k

- JAr
r | |
ra + M

| | = alr: + nllrr = n)h = 2w ———"Mr. — n)

| | ¥

| I | &

I I

- T . V= Imrhdr

{EF"' '-.]""-.
I“‘JL‘::;____::-"' V = [circurnfencmce || height || thickness|

MNow let 5 be the solid obliined by rotating aboul the v-axis the region bounded by
v = f(x) [where fix) = 0Ly =0x =g, and x = b, where & = g = (.

¥ r

y=fix]

1] o b I

= fixy
.-,.F

Vi=(2wx)[fix)] Ax

V=%V =¥ 257 f(T)Ax
|

This approximation appears to become hetter as n — =,
But, from the gral, we koow that
-q. — o "
lim ¥ 20 /(%) Ax = J Dorx fix) el
El

A—=E '-r

V= ("2mxf(x)dx  where0<a<b
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EXAMPLE  Find the velume of the solid obtained by rotating about the y-axis the region
bounded by y = 2x* — x’ and y =0,

Ve j:[zm){zf . V- z:;ﬁq:u’ — x')dx

= 2rfix' — {xf = 2w(8 - 3




Fovwmple Determing (e volome of the solid ohsined by roming the region haiinded by
x

pom{r=1){r=3) and the raxis sbout the veaxis,

|
L]
o5} :
.
¥
"
12

1.}

S, we've hasically ot someihing thats roughly dooghout shaped. 17 we were 10 use rings on
this salid here 15 what a iypieal g wonld look ke,
.:!

y=(x-1)(x-3)

A(x) = 2m (radius)( height) =27 (-':}({:r-—- I]{:ru:l}:)
= 2 (.\'4 —7x* +15x° mgx]

| 7
— g e g

v=["A(x)dx =27 %" =75 +15x* —Oxdx
= 2}1’[ Ex:)
5 2




shell .
height = v = x~

1] K3 L]

EXAMPLE  Find the volume of the solid obtained by rotating about the y-axis the
region between v = xand v = &%,

SoLUTION. The region and a typical shell are shown in Figure . We see that the shell has
radius x, circumference 2xy, and height © = ¥°. So the volume is

V= II (2dx — x)de = ET:II (x* = x")alx
ib i

O e

EXAMPLE  Use cylindrical shells to find the volume of the solid obtained by rotating
about the x-axis the region under the curve v = ﬁ from O to 1.

"t shell height =1 - y°

x=1

i
i IIU\\;

V= I{: (2= = y')dy = lr‘[; (y =y )dy= E“Ii% - ‘T] z ?ﬂ

In this pfﬂhlE[Il the disk method was Simplf:l'_




EXAMPLE  Find the volume of the solid obtained by rotating the region bounded by
y =x = x*and y = 0 about the line x = 2.

SaLmoK Figure  shows the region and a cylindrical shell formed by rotation about the
line x = 2. It has radius 2 = x, circumference 27(2 = x), and height x = x°.

¥

¥

x=1
{ o T X
R A 4
— =1

The volume of the given solid is

= |-] 272 — )(x - x})de =27 [I (r' = 32* + ) dr
« il

gt "o
=7 I—— ] : =—‘
_:l.'[4 X +1] 5

fi
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Example  Determine the volume ol the solid oblzined by rotating the region bounded by
y=4x, x =8 and the x-axis about the x-axis,

r={x = x=y

A(r)=2x (radius ) ( width)
=2 [}f][ﬂ ~ }"}
=2 (8y- _1"']

o

V

A(y)dy

=2 -I: EJ;HJr"‘ dy

A

= 2T F;SI,};I -—lJJSJ
5

“ 0
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Example  Determine the volume of the solid obtained by rotating the region bounded by
y=2Jx-1 and y=x-1 about the line x=6.

¥ 6 I
¥ - )
| 3 x et |
44 I 2fx-1-x+1
3-
¥ =
24 | —
49 I
1 gl -1 s
| |
L 3 | x
é

01 3343 6T7TE8 910113 78 9 1010 12

The gross sectionl are is
Alx)= 2 (radius)( height)
=2:I1.'I:ﬁ--.t]{3 x¥=1=x+ l]

=2 (f ~Tr+6+124x -1 —zn";—L]

Now the first cylinder will cut into the solidat x =1 and the final cylinder will cut into the solid
at x =35 so there are our limits.

Here is the volume.

V= I: A [.t].dr

=2n [ ¥ =Tr+6+12Jx—1-2x/x=Tdr

]
]
3

1
-Zn[%xl-%r! + Ay +I"I{.'r--l'_|E -‘—;-{I-l:]-

)
T [E] = rir

h%[plﬁ]

15 15
The integration of the last term is a little tricky so let's do that here., 1t will use the substitution,
1
w=x-1 efu = dlv | x=u+l J-i.\' p'x_ld.r:zj’f'"”}": e




Example  Determine the volume of the salid obtained by rotating the region bounded by
=(y-2Y¥ e i r=— :
x=(y-2) and y=x about the line y=-1. pafp-2)
r=1"—dy+4
0=3"-5y+4
0=(y-4)(»-1)

Nolution We should first get the intersection points there,

X=y 1

Here's the cross sectional area for this cylinder.
Aly)= In(radius]!_'wid'l:h]

=2z (y+1)(»-(r-2))
=2::{—]"+4_1‘! +_|'—4}

The first cylinder will cut into the solid at ¥ =1 and the final eylinder willeutinat y=4. The
volume is then,

V= A(y)dy

T



Example  For a sphere of radius # find the volume of the cap of height &.

Solution

A sketch is probably best to illustrate what we’re after here.

“i

Aly)

4y

=t =5 rapfoy

Aly)==(r-¥')
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x=R+ r"_}-

¥y X= .E 1’1." — /% - . )
X
inner radius Ay ) U

outer radius

..'--“"-
Naotice that the inner radius will always be the left portion of the circle and the outer radius will

always be the right portion of the circle, Now, we know that the equation ol this is,
(x- .-'E:I: +yi =

inner radius: x = R=Jr* = * ouler radius: x=R + \Illr" -y

The cross-sectional area is then,

A(y)=n(outer mdius}! - (inner rndius]l

- (R =) (R |
=T H +2RJr —1. +r — 3" —(R 2Hﬁ+r —}')i

=4aR.Jr -_1"

Next, the lowest cross-section will occur at v ==r and the highest cross-section will oceur at
¥ =r and so the limits for the integral willbe =r< y<r.

The integral giving the volume is then,

= J:dr.rﬂ-.lfr: -y dy= Ijﬂrd:r Rq,llr: —ydy= EERJ:: N =3t dy

1}



L Y |

Y./

Tdde™

We know that the equation of the circle 1s x2 + yz =

forO<y<r
A=[ \r -y dy=4nr’

So, putting all this together the volume of the torus is then,

V= ERH!:1||IT: -y dy :SHR(%H;'E) =2Rn’r’

\F
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With thas convention. the usual denivation and formula for the moots of the guadralic egua-
thn ax® + Br + ¢ = (hare valid even when b — 4o < @)

= = b = dar
Far

EXAMPLE 3 Find the roots of the equation x* + x + | = (),

I=

SOLUTION Llsing the gquadratic Tormula, we have

=l E V=401 =1 242 H-l:ﬁ:‘

i 2 2 2
(r 20 lalose alas] | odab S
Timw & B | 1+ & i | Ty ; -+ & &4
X ) : Iy
F A f . o
h
i A i i
i ir He
FIGURE 4
o= rous i) h = rsini

as in Figure 4, Therefore we have
s=g + Ml = (rcostl) + (rsin )

Thus we can wrile any complex number = in the form

== rlcos# + isin @)

i
where r=|z|=at+h and tan = L
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EXAMPLE 4 Wnle I lollonw ing numbers in polar [,
fa) =141 by w=J3 =i

SOLUTION
{a) Wehaver = |z| = /1IF + I¥ = V2 and tan # = 1, s we can take § = /4,
Therelore the polar form s

T - -.,E (1:11'5% < jsin %)

(b} Herewehave r= |w| = 3+ | = 2andan 8 = =1/4/3. Since w lics in the
fourth quadeant, we take # = — /6 and

o= fon(-%) ¢ un(-2)|

The numbers = and g are shown in Figure 5,

FIGURE 5
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The polar form of comples numbers gives insight ino muliiplication and division. Lei

o= rnfcosdh + isind) =: = rifeos dl; + §sin @:)
be two comples, numbers written in polar form. Then

=i = redons B + isin @, Heos #: = isin ;)

= reflcos B cos B — sindh sin B ) — flsind cos B + cos B sin #:)]

Therefore, using the addition formulis Tor cosine and sine, we have

1] =2 = prJoosd @, + 0:) = (sinil, + 0:1]
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A similar argument using the subtraction formulas for sine and cosing shows that fe
ehrvide oo conngpiles sambers we divide the mosdidi and sabsracr e anginneny,

:_f.-. L [costB, — #:) + isini®, — 8] =z #0

In panicular, taking =, = 1 and =; = = {and therefore #, = 0 and @; = @), we have the fol-
b ing, which is illustrated in Figure 7.
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0T From Example 4 we have

1 T -
| +fm= -.,"'Z_(m'-T + IMHT)

w el )]

a0, by Equation |,

w w T i
(I + iH\.."'.T - f) = !1,."': ':L“(T - I) + l|'|.,||-|(T - E)“

#
s - b i sin L
e —— L s o
\ 12 2

This is illustrated in Figure 8.
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FIGURE 8

Repeated use of Formula | shows how 1o compute powers of a complex number. 1
== rlcos il + §sin ()
then = = rleos 20 = i sin 28)

aml 2 e gzt pleos 30 & | sin 30
If = = rl{cos 8 + i sin @) and n is a positive integer,

then
=" =[r(cos 8 + isin®)]" = r'(cos n@ + isin n@)

DE MOIVRE’S THEOREM
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OLETON Since b+ Li — (01 4 i), it follows from Example $0a) that § + i has the polar

fowm
% 4 %J— "-:E (uthi + hlnjﬂ)
(L4 £ (AR (et » ua iz
— j—:ﬂ(cih:i?" i l--l-l'l'lFTﬂ) = %;
mr o=

Writing these two numbers in irigommmciric foom as
o= ylcors o+ 0 sin ol arul === rloos B+ ¢ sin 01}
amd using e Motvre's Theorem, we gl
s leos e+ F sin ndh) = rioos & =+ § sin @)

The equality of these two comples numbers shows the

¥ = r o & = gFi=
anil o eh = cus i amd simndgh = sin b
From the fac1 that sine and cosine have period 2 i1 Tollionas (hat
2+ 2k
A =0+ 2y o = ——
Fi
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Since this expression eives a different valoe of s fir k = 0, 1.2, ... n = 1. we have the

follewing,
[3] ROOTS OF A COMPLEX NUMBER Let = = ricosd 4 fsin®) and lew o be a posi-
tive integer. Then 2 has the i distinet sih s

4..[ (H + Eh.—) o (H+ :um)]
mwy — ) —— 4+ [ =i ————
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The sin siuibh pwan ol 7= =8 ’
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All these pannts hie om the cirele of radios /2 as shown in Figure %, L

_COMPLEX EXPONENTIALS

T e

W also necd 1o give g meaning o the exprossion ¢ when 2 = x + iv is 2 complex num-
ber, The theory of infinite serics as developed in Chapier 1] ¢an be extended to the case
where the werms are complex nombers, Using the Tavlor series for e (11L.10L11) a5 owr
ruide, we define

—]+ L

g =35

=I|-|_I

and i1 turms out that this compley exponential function has the same properties as the real
exponential function. [n particular, it is e tha

(5] =g
If we put = = iv, where v is a real nomber. in Eguation 4. and wse the facts tha
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Here se have vsed the Taybor series Fof cos v and sin v i Pguations 11, 08 16 andd 11 1E015),
The eesulr is o farmmis Tormiala called Fuler®s Torminks
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Combining Fulers formuola with Fauateon %, we pel & e - EJEI-"‘

m 't e = oo v+ i sin )
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EXAMPLE 8 Evualuate: fay '™ [y g1+

JaLoTis
(o) Frovm Enler's equation (6) we have

e = 4 jRin = —] 4+ ()] = —|

ihy Using Fapuation T we et
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Finally, we mse thar Euler's eqpuitlon prosvides s sohth an easber mcthil of prosving
Li¢ Maoivee's Theorem:

[ricosd + {xindll]® — (e™F < re™ < ool I sln i)
m We could write the result of Example 8{a) as
e+ 1 =0

This equation relates the five most famous num-
bers in all of mathematics: (), 1. e, i, and .

bt L8 A atad, J etz L', DE MOIVRE at,
rwr{cosB+ ismB) = re®
2" = r'e™ = r"(cos ng + 1sinng)
238 pa Sy alaity  addil | ey
Hwne" |, Zymne”
27 =) m i (cos(y + 8,) + 1sin(8, +8,)
tog X = coshif)
isin x = smh{ir)

=l



